Abstract. Let p(n) be the number of partitions of an integer n. Euler proved the following recurrence for p(n):
. If the reduction is smooth, then we say E has good reduction at p. Otherwise, E has bad reduction at p. If p ∆(E), then E has good reduction at p.
The Hasse-Weil L-function of E, denoted by L(E, s), is obtained by examining the reductionsĒ p . If p is a prime of good reduction, then define the integer a(p) as 4) where N p is the number of points ofĒ p rational over GF (p), including the point at infinity. There are similar rules for those p with bad reduction. If p is prime and k ≥ 2, then 
As a consequence of (2.5) and (2.6), we obtain: 
An easy computation verifies that the only such points are
So in this case N 5 = 8, and so a(5)
14)
The Taniyama-Shimura-Weil conjecture states that all elliptic curves over the rationals are modular. A curve is modular if its L-function corresponds to the Fourier expansion at infinity of a modular form. Specifically, if E is modular and
is a modular form. For a number of explicit examples (see [1] ), the form F E (z) is given as a product of Dedekind's η-function defined by
For example, take the η-product
The coefficients of the L-function L(E, s) of the elliptic curve E : y 2 = x 3 + 1 are the same as those in the Fourier expansion of F E (z).
q-series results.
In this section, we give two theorems which do not depend on elliptic curves. They simply depend on q-series manipulations.
then an odd number of the values
are odd, where a ≥ 0 and b are integers.
Proof. Consider the η-product
Factor this as
Recall the following identity due to Jacobi.
Using this identity and another well known identity, we obtain
and
So,
is the generating function for the partition function, we find that
Using Jacobi's identity, (1.2) and the fact that
(3.10)
Therefore, we find that
Therefore, it is easy to check that
The theorem now follows immediately.
, we can use (1.2) to give us
the generating function for the partition function, we find that
, we can use (3.4) and (1.2) to get
Example 3.1. Here, we illustrate an example of Theorem 3.2. If m = 1, then n = (6m + 1) 2 = 49. We must find pairs (a, b) with a ≥ 0 and b integers such that
These pairs are: −1) . Theorem 3.2 tells us that an odd number of the following values are odd:
Nine of the eleven are indeed odd.
Group law for elliptic curves.
If E is an elliptic curve, E :
bx + c, the point at infinity is taken to be its identity element O, and P = x 1 ,y 1 and Q = x 2 ,y 2 are points on E, then P + Q := x 3 ,y 3 , where
The question of finding points of order two on a curve is the same as that of finding all the points such that P + P = O but P ≠ O. It is easily seen from the above that this is satisfied only when y = 0. 
Fundamental theorem. If E is an elliptic curve and p is a prime of good reduction, thenĒ p with the point at infinity is a finite abelian group.

Theorem 3.3. Let E be the elliptic curve
Therefore, we find by (
But by Jacobi's identity (3.4) and Euler's identity (1.2), this reduces to
Therefore, it turns out that
The result now follows immediately from Theorem 3.3 and Proposition 2.1.
It is easy to show that there is no solution to the equation
for the primes 3 and 5. So by (2.6), n = 15 is a suitable choice to illustrate Theorem 3.4.
We must, therefore, find all pairs (a, b) with a ≥ 0 and b ∈ Z such that 14 ≥ Theorem 3.5. Let p 1 < p 2 < ··· be the primes for which
have solutions in GF p i and q 1 < q 2 < ··· the primes for which Proof. In [1] , it is proved that if E is the curve 
Using Euler's identity (1.2), Jacobi's identity (3.4) , and the fact that
(mod 2), the theorem follows in a manner similar to that of Theorem 3.4.
Theorem 3.6. Let p 1 < p 2 < ··· be the primes for which
have solutions in GF p i and q 1 < q 2 < ··· the primes for which 
The proof follows in a manner similar to Theorem 3.4.
Theorem 3.7. Let p 1 < p 2 < ··· be the primes for which
have solutions in GF p i and q 1 < q 2 < ··· the primes for which The proof follows in a manner similar to Theorem 3.4.
Also, realize that the curves in Theorems 3.4, 3.5, and 3.8 were all changed from the form they are normally shown into the form y 2 = x 3 + ax 2 + bx + c by a simple change of variables to ease the job of finding points of order two.
